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Class 2: Capacitors and RC Circuits
Topics: i
*  new:
—  Capacitors: dynamic description
—- RC circuits
¢ Time domain:
*  slep response
* integrator, differentiator (approximate)
4 Frequency domain: filters
Capacitors

Today things get a little more complicated, and more interesting, as we meet frequency-
dependent circuits, relying on the capacitor to implement this new trick. Capacitors let us
build circuits that “remember” their recent history. That ability allows us to make timing
circuits (circuits that let this happen a predetermined time after that occurs); the most
important of such circuits are oscillators—eircuits that do this timing operation over and
over, endlessly, in order to set the frequency of an output waveform. The capacitor’s
memory also lets us make circuits that respond mostly to changes (differentiators) or mostly
to averages (infegrators), and—hy far the most important—circuits that favor one frequency
range over another (filters),

All of these circuit fragments will be useful within later, more complicated circuits. The
filters, above all others, will be with us constantly as we meet other analog circuits, They
are nearly as ublquitous as the (resistive-) voltage divider that we met in the first class.
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Figure N2.1: The simplest capaciior configuration: sandwich
This capacitor is drawn to look like a ham sandwich: metal plates are the bread, some
dielectric is the ham (ceramic capacitors really are about as simple as this). More often,
capacitors achieve large area (thus large capacitance) by doing something tricky, such as
putting the dielectric between two thin layers of metal foil, then rolling the whale thing up
like a roll of paper towel {mylar capacitors are built this way).

Ext gee, 112

A static description of the way a capacitor behaves would say
Q=CV
where ( is total charge, C is the measure of how big the cap is (how much charge it can
store at a given voltage: C = @/V), and V is the voltage across the cap.
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This staternent just defines the notion of capacitance. It is a Physicist’s way of describing
how a cap behaves, and rarely will we use it again. Instead, we use a dynamic
description—a statement of how things change with time:

I=Cdvidt ;
This is just the time derivative of the “static” description. C is constant with limc;ﬂ! is
defined s the rate at which charge flows. This equation isn’t hard to grasp: it says The
bigger the current, the faster the cap’s voltage chan ges.'

Again, flowing water helps intuition: think of the cap (with one end grounded) as a tub
that can hold charge:
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Figure N1.2: A cap with one end grounded warks & lot ke a vab af water

A tub of large diameter (cap) holds a lot of water (charge), for a g,ivl:n height (1_’). If you fill
the tub through a thin straw (small ), the water level—V—will rise slowly; if you fill or
drain through a fire hose (big 1) the tb will fill (“charge”) or drain ("discharge™) quickly. A
tub of large diameter (large capacitor) takes longer to fill or drain than a small wb., Self-
evident, isn't it?

Time-domain Deseription

Text sec. 113

Mow let's leave tubs of water, and anticipate what we will see when we v_umch the voltage
on a cap change with time: when we look on a scope screen, as you will do in Lab 2.

An easy case: constant I

+¥
r:eI
5 7 %f\L(
I ur
T 3 time e

Figure N1.3: Eagy case: constant [ —> constant dVidt
This tidy waveform, called a ramp, is useful, and you will come to recognize it as th

4y

signamre of this circuit fragment: capacitor driven by constant current {or “current source”]

Text sec. 1.15;
see Fig, 143
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This arrangement is used to generate a triangle waveform, for example:

Compare Text sec.].15,
Fig. 142: ramp generator
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Figure N1.4: How 1o use a cap to generale a triangle wavefarm: ramg up, ramp dawn
But the ramp waveform is relatively rare, because current sources are relatively rare. Much
more common is the next case.
A harder case but more common: constant voltage source in series with a resistor
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Figure N2.5: The more usual ease: cap charged and discharged from & voltage source, through & series resisior

Here, the voltage on the cap approaches the applied voltage—but at a rate that diminishes
toward zero as V., approaches its destination. It starts out bravely, moving fast toward its
V,, (charging at ld}mﬁl, in the example above, thus at 10V/ms); but as it gets nearer [0 its
goal, it loses its nerve. By the time it s 1 volt away, it has slowed to 1/10 its stanting rate.

{The cap behaves a lot like the hare in Xeno's paradox: remember him? Xeno teased his
fellow-Athenians by asking a question something like this: *If a hare keeps going halfway to
the wall, then again halfway to the wall, does he ever get there?” (Xeno really had a hare
chase a tortoise; but the electronic analog to the tortoise escapes us, 5o we'll simplify his
problem.) Hares do bump their noses; capacitors don't: Vi, never does reach Vypied in an
RC circuit. But it will come as close a5 you want.)
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Figure N1.6: RC charge, discharge curves
Don't try to memorize these numbers, except two: x

+ inone RC (called “one time-constant™) 63% of the way
+ infive RCs, 99% of the way

If you need an exact solution to such a timing problem:

Veap = Vipptiea (1 - ¢ ¢95€0)
In case you can’t see at a glance what this equation is trying to tell you, look at
¢ LIRO)
by itself:

+ when t=RC, this expression is 1/e, or 0.37.

+  when t=very large (» RC), this expression is tiny, and Vi, = Ve

A tip to help you calculate time-constants:
ML and pUF give time-constant in seconds
k€2 and UF give time-constant in milliseconds
In the case above, RC is the product of 1k and 1QF: 1 ms.

Integrators and Dilferentiators
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Figure N2.7: Can we explodt cap’s [ = C dV'd¥ 1o make dilTerentiator & integraler?
The very useful formula, f = CdV/dt will let us figure out when these two circuits perform
pretty well as differentiator and integrator, respectively. :
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Let's, first, consider this simpler circuit:
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Figure N2.8: Useless “differentintor™
The eurrent that flows in the cap is proportional to dV,/dt: the circuit differentiates the input
signal. But the circuit is pretty evidently useless. Tt gives us no way to measure that
current. If we could devise a way to measure the current, we would have a differentiator,

Here's our earlier proposal, again. Does it work?
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Flgure N2.5: Differentiabor? —again
Answer: Yes and No: Yes, to the extent that ¥V, = Vi, (and thus dV, /dt = dVj,/dt), because
the ¢ircoit responds to dv/dt across the cap, whereas what interests us is dVi,/dt—that is,
relative to ground,

So, the circuit errs 1o the extent that the output moves away from ground; but of course it
must move away from ground to give us an output. This differentiator is compromised. So
is the RC integrator, it turns cut. When we meet operational amplifiers, we will manage to
make nearly-ideal integrators, and pretty good differentiators,

The text puts this point this way:

Texi sec, 1,14

for the differentiator:

*...choose R and C small enough so that dV/dt « dV, /dt...."
Texi gee. 115

for the integrator:

*...[make sure that] ¥V «V,...0RC = 1."

We can put this simply—perhaps crudely: assume a sine wave input. Then,

the RC differentiator (and integrator, too) works pretty well if it is
murdering the signal (that is, attenuates it severely), so that ¥, (and dV,)
is tiny: hardly moves away from ground.

It follows, along the way, that differentiator and integrator will impose a 90° phase shift on
a sinusoidal input. This result, obvious here, should help you anticipate how RC circuits
viewed as “filters” (below) will impose phase shifts.
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Figure N2.10: Intogrator?—again

One can make a similar argument to explain the limitations of the RC integrator. To keep
things simple, imagine that you apply a step input; ask what waveform out you would like
to see out, and what, therefore, you would like the current to do.
RC Filters i

These are the most important application of capacitors. These circuits are just voltage
dividers, essentially like the resistive dividers you have met already, The resistive dividers
treated DC and time-varying signals alike. To some of you that seemed obvious and
inevitable (and maybe you felt insulted by the exercise at the end of Lab 1 that asked you to
confirm that AC was like DC to the divider). It happens because resistors can’t remember
what happened even an instant ago. They're linle existentialists, living in the present.
{We're talking about ideal R's, of course.)
The impedance or reacfance of a cap

A cap’s impedance varies with frequency. (“Impedance” is the peneralized form of what
we called “resistance” for “resistors;” “reactance” is the term reserved for capacitors and
inductors (the latter usually are coils of wire, often wound around an iron core)).

Compare Text see. 1,12

It's obvious that a cap cannot conduct a DC current: just recall what the cap's insides
look like: an insulator separating two plates. That takes care of the cap's “impedance™ at
DC: clearly it’s infinite (or huge, anyway).

It is not ebvious that a rapidly-varying voltage can pass “through™ a capacitor, but that
does happen. The Text explains this difficult notion at sec. 1.12, speaking of the current
that passes through the cap. Here's a second attempt to explain how a voltage signal passes
through a cap, in the high-pass configuration. If you're already happy with the result, skip
this paragraph.

When we say the AC signal passes through, all we mean is that a wiggle on the lefi
causes a wiggle of similar size on the right:
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Flgure N1.11: How a cap “passes™ a signal
The wiggle makes it “across” the cap so long as there isn’t time for the voltage on the cap 1o
change much before the wiggle has ended—before the voltage heads in the other direction,
In other words, quick wiggles pass; slow wiggles don't. 2
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We can stop worrying about our intuition and state the expression for the cap’s reactance:
| X = —j/0C = —j/2nfC

And once we have an expression for the impedance of the cap—an expression that shows
it varying continuously with frequency—mwe can see how capacitors will perform in voltage
dividers.

RC Voltage dividers
Text see. 1,18
You know how a resistive divider works on a sine. How would you expect a divider
made of capacitors to treat a time-varying signal?
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I.Gl_'ur\e MN2L12: Two dividers that deliver 1/2 of ¥V,

If this case worries you, good: you're probably werrying about phase shifts. Tums out they
cause no trouble here; output 15 in phase with input. (If you can handle the complex
notation, write Xo= —j / @C, and you'll see the j's wash out.)

But what happens in the combined case, where the divider is made up of both R and C?
This turns out to be an extremely important case.

Text sec. 119
This problem is harder, but still fits the voltage-divider model. Let's generalize that

model a bit: £
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Figure N1.13: Genermlized volage divider; and voltage dividers made up of R paired with C
The behavicor of these voltage dividers—which we call filters when we speak of them in
frequency terms, because cach favors either high or low frequencies— is easy to describe:

1. See what the filter does at the two frequency extremes. (This looking at extremes
is a useful trick; you will scon use it again to find the flters’ worst-case Z,, and
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Fipare N1.14: Establishing the c—m:ipqi,rm of the filies's I'Mql;r.ur_y TESPORSE CUTVE

At f = (1 what fraction out? Arf = very high: what fraction out?
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2. Determine where the output “turns the corner” (corner defined arbitrarily!) as the
frequency where the output is 3dB less than the input (always called just “the 3 dB
point™; “minus" understood).

Knowing the endpoints, which tell us whether the filter is high-pass or fow-pass, and
knowing the 3dB point, we can draw the full frequency-response curve:
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Figure N2.15: RC filier's I:'cqumn::,l TEAPONSE CUTVE
The “3dB point,” the frequency where the filter “tums the comer™ is

faus = 1/(2nRC) |

Beware the more ¢legant formulation that uses ox

Mg = 1/RC.
That is tidy, but is very likely to give you answers off by about a factor of 6, since you will
be measuring period and its inverse in the lab: frequency in hertz (or “cycles-per-second,”
as it used to be called), nor in radians.

Tweo asides:
Caution!

Do not confuse these frequency-domain pictures with the earlier RC step-response picture,
(which speaks in the time-domain).
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Fijure N1.16: Deceptive similarity between shapes of time- and froquency- plows of RC cireubs
Not enly do the corves look vaguely similar. To make things worse, details here seem
tailor-made to deceive you:

+  Step response: in the fime RC (lime-constant), V,, moves to about 0.6 of the
applied step voltage (thisis 1 - 1/e).

+  Frequency domain: at f‘;:mr a t'reque ey determined by RC, the filter's ¥, /V, 1
about 0.7 (this is I.-"*.IIZ}

Don't fall into this trap.

A note re Log Plots

You may wonder why the curves we have drawn, the curve in Fig. 1.59, and those you
see on the scope screen (when you “sweep” the input frequency) don't look like the tidier
curves shown in most books that treat frequency response, or like the curves in Chapter 5 of

1. Well not <'|'-l|.'.t: arbitrasily: & sipgnal reduced by B delivers hall is r:ig-in;' paweT.



40 Class 2: Capacitors & RC Circuits N2-9

the Text. Our curves trickle off toward zero, in the low-pass configuration, whereas these
other curves seem to fall smoothly and promptly to zero, This is an effect of the logarithmic
compression of the axes on the usual graph. Our plots are linear; the usual plot ("Bode
plot™) is log-log:
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Figure N2.17: Linear versus log-log frequency-response plots contrasted

Input and output impedance of an RC Circuit

If filter A is to drive filter B—or anything else, in fact—it must conform to our 10X rule
of thumb, which we discussed last time, when we were considering only resistive circuits.
The same reasons prevail, but here they are more urgent: if we don't follow this rule, not
only will signals get attenuated; frequency response also is likely to be altered.

But to enforce our rule of thumb, we need to know Z;, and Z_, for the filters. At first
glance, the problem looks nasty. What is Z_, for the low-pass filter, for example? A novice
would give you an answer that’s much more complicated than necessary, He might say,

Z oy =X parallel R = —j/oC-R / (-jfoC + R)
Yow! And then this expression doesn’t really give an answer: it tells us that the answer is
frequency-dependent,

We cheerfully sidestep this hard work, by considering only worst case values. We ask,
*How bad can things get?

We ask, ‘How bad can Z; get?" And that means, ‘How low can it get?'

We ask, ‘How bad can Z_, get?" And that means, ‘How high can it get?’
This trick delivers a stunningly-easy answer: the answer is always just ! Here's the
argument for a low-pass, for example:

Zipr? R [

‘-._,...W_T _,w\'_l_ Tt ® T

c [+
1 1
a:mtﬂ“ B 2 o Taut =R
I
I ( ; :’apm'p
] {' J_
Jf" Kinbwo™ i
worst Zin: cap looks like a short: Zin = R woest Zoul: eap doesn’t help at all; we look through
(this happens at highest frequencies) the source, and see only R: Zout = R (this happens at

Towest frequencies)
Flgure N2.18: Worst-case 7, and Z,, for RC filier reduces 1o jost B
Now you can string together RC circuits just as you could string together voltage dividers,
without worrying about interaction among them.
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Phase Shift

You already know roughly what to expect: the differentiator and integrator showed you
phase shifts of 90°, and did this when they were severely attenvating a sine-wave. You need
to beware the misconception that because a circuit has a cap in it, you should expect 1o seea
90 shift (or even just noticeable shift). That is not so. You need an intuitive sense of when
phase shifting occurs, and of roughly its magnitude. You rarely will need o calculate the
amount of shift,

Here is a start: a rough account of phase shift in RC circuits:
If the amplitude out is close to amplimde in, you will ses little or no phase
shift. If the output is much attenuated, you will see considerable shift (90° is
maximum)

And here are curves saying the same thing:

Text sec, 1,20, !
fig. 160, p. 38
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Flgure N2.19: Anensation and phase shift {log-log plog)
Why does this happen? Here's an attempt to rationalize the result:

+ voltages in R and C are 90 out of phase, as you know,
the sum of the voltages across R and C must equal, at every instant, V.

* as frequency changes, R and C share the total Vi, differently, and this alters the
phase of V, relative to 1 :

Consider a low-pass, for example: if a lot of the total voliage, V;, appears across the cap,
then the phase of the input voltage (which appesars across the RC series combination) will be
close to the phase of the output voltage, which is taken across the cap alone. In other words,
R plays a small part: V,,, is about the same as Vj,, in both amplitude and phase. Have we
merely restated our earlier proposition? It almost seems so.
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But let's try a drawing:
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Figare ¥2.20: R and C shering input voltage differently st two different frequencies
Now let’s try another aid to an intuitive understanding of phase shift: phasors.

Phasor Diagrams

These diagrams let you compare phase and amplitude of input and output of circuits that
shift phases (circuits including C's and L's). They make the performance graphie, and
allow youn to get approximate results by use of geometry rather than by explicit
manipulation of complex quantities.

The diagram uses axes that represent resistor-like (“real™) impedances on the horizontal
axis, and capacitor or indoctor-like impedances (“imaginary™—but don't let that strange
name scare you; for our purposes it only means that voltages across such elements are 90°
out of phase with voltages across the resistors). This plot is known by the extra-frightening
name, “complex plane” (with nasty overtones, to the untrained ear, of ‘too-complicated-
for-you plane’!l). But don’t lose heart, It's all very easy to understand and use, Even beiter,
you don't need to understand phasors, if you don't want to. We use them rarely in the
course, and always could use direct manipulation of the complex quantities instead. Phasors
are meant to make you feel better. If they don't, forget them.,
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Figure N2.21: Phasar disgram: "eomplex plane;™ showing &n RC 8t £ 3,5
The diagram above shows an RC filter at its 3dB point, where, as you can see, the
magnitude of the impedance of C is the same as that of R. The arrows, or vectors, show
phase as well as amplitude (notice that this is the amplitude of the waveform: the peak
value, not a voltage varying with time); they point at right angles so as to say that the
voltages in R and C are 90° out of phase.

“Voltages?," you may be protesting, “but you said these mrrows represent impedances.”
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True, Butin a series circuit the voltages are proportional to the impedances, so this use Df_

the figure is fair,
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The total impedance that R and C present to the signal source is nor 2R, but is the vector
sum: it's the length of the hypotenuse, R¥2. And from this diagram we now can read two
familiar truths about how an BC filter behaves at its 3dB point:

+ the amplitude of the output is down 3dB: down to 1/42: the length of either the R
or the C vector, relative to the hypotenuse.

+ the oulput is shifted 43° relative 1o the input: R or C vectors form an angle of 45°
with the hypotenuse, which represents the phase of the input voliage.

So far, we're only restating what you know. But to get some additional information out ot
the diagram, try doubling the input frequency several times in succession, and watch what
happens:

each time, the length of the X vector is cut to half what it was.

First doubling of frequency: '

¥

X half what i was s

Flgure N2.22: RC afier & doubling of frequency, relative to the previcas diagram
The first doubling also affects the length of the hypotenuse substantially, too, however; so
the amplitude relative 1o input is not cut quite so much as 50% (6dB). You can see that the
output is a good deal more attenuated, however, and also that phase shift has increased a
good deal,

Second doubling of frequency
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Figure N2.23; RC after a doubling of freqoency, relative 1o the previous diagram

This time, the length of the hypotenuse is changed less, so the output shrinks nearly as the
X vector shrinks: nearly 50%. Here, we are getting close to the ~6dB/ocrave slope of the
filter's rolloff curve. Meanwhile, the phase shift between output and input is increasing,
too—approaching the limit of 90°,

We've been assuming a low-pass. If yvou switch pssumptions, and ask what these
diagrams show happening to the output of a high-pass, you find all the information is there
for you to extract. No surprise, there; but perhaps satisfying to notice.
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LC circuit on phasor diggram
Finally, let's look at an LC trap circuit on a phasor diagram.,
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Fipore N2.24: LC wap elrewdr, and i phasor diagram
This is less familiar, but pleasing because it reveals the curious fact—which you will see in
Lab 3 when you watch a similar {parallel) LC gircuit—that the LC combination looks
sometimes like L, sometimes C, showing its characteristic phase shift—and at resonance,
shows no phase shift at all, We'll talk about LC's next time; but for the moment, see if you
can enjoy how concisely this phasor diagram describes this behavior of the circuit (actually
a trio of diagrams appears here, representing what happens at three sample frequencies),
To check that these LC diagrams make sense, you may want to take a look at what the old
voltage-divider equation tells you ought to happen:
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Flgure N1.25: LC wrap: just ancther voltage divider
Here's the cxpression for the output voltage as a fraction of input:

VDI.I.I"" V'IJ'I = zLmll'||='1'||a1il.ln "rl::zoumbi.ml.inm + )

znnrnbdnul:inn - —_i.fﬂ;lc * ij'
And at some frequency—where the magnitudes of the cxpressions on the right side of that
last equation are equal—the sum is zero, because of the opposite signs. Away from this

magic frequency (the “resonant frequency™), cither cap or inductor dominates. Can you sce
all this on the phasor diagram?

But

Berter Filters

Having looked hard at RC filters, maybe we should remind of the point that the last
exercise in Lab 2 means to make: RC's make extremely useful filters, but if you need a
better filter, you can make one, either with an LOC combination, as in that circuit, or with
operational amplifiers cleverly mimicking such an LC circuit (this topic is treated in Chapter
5, we will not build such a circuit), or with a clever circuit called a ‘switched-capacitor’
filter, a circuit that you will get a chance to try, in Lab 11, and again in Lab 21. Hereisa
sketch (based on a scope photo) comparing the output of an ordinary RC low-pass against a
3-pale Butterworth low-pass, like the one you will build at the end of Lab 2.
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Figure ¥2.26: Simple RC Fow-pass sontrasied with §-pale Butieeworth low-pass o
o | Fw it ing like, ‘Tt rolls off the way 5 simple RC's in
{;eifsnﬁuélsdarfewcu}t:r“iyisz fsi?.?; 'tTn:;: ;m?p fs the plain RC. But this nice filter works a
whole lot better than an actual string of 5 RC's.) i : b
Mot only is the roll-off of the Butterworth much more abrupt than LhEb 51;np!e {EnC s'Th:,
also the “passband” looks much flatter: the fancy filter do:s a better job of passing.
poor old BC locks sickly next 1o the Butten_.voﬂh, doesn't it? S
Nevertheless, we will use RC's nearly always. Nearly always, they are good enough.

would not be in the spirit of this course to pine after a more beautiful wansfer function. We

want circuits that work, and in most applications the plain old RC passes that test.







